Covering properties at positive-order rates of multifunctions and some related topics  by Yen, N.D. et al.
J. Math. Anal. Appl. 338 (2008) 467–478
www.elsevier.com/locate/jmaa
Covering properties at positive-order rates of multifunctions
and some related topics ✩
N.D. Yen a, J.-C. Yao b,∗, B.T. Kien b,1
a Institute of Mathematics, Vietnamese Academy of Science and Technology, 18 Hoang Quoc Viet, 10307 Hanoi, Viet Nam
b Department of Applied Mathematics, National Sun Yat-Sen University, Kaohsiung, Taiwan 804, ROC
Received 10 January 2007
Available online 25 May 2007
Submitted by B.S. Mordukhovich
Abstract
We obtain equivalences among the covering property at a positive-order rate of a multifunction, the metric regularity property of
a positive order, and the Hölder-like continuity property of the inverse mapping. Our results develop some aspects of the preceding
results of J.-P. Penot, J.M. Borwein and D.M. Zhuang, H. Frankowska, B.S. Mordukhovich, and L.I. Minchenko. Necessary condi-
tions for having these properties are given in terms of positive-order variational coderivative, a concept used here for the first time.
We also discuss some known sufficient conditions for the validity of the three properties in terms of the positive-order variation in
the sense of H. Frankowska. Illustrative examples are considered.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
Consider the simple multifunction F : R⇒R, F(x) = {x3}, around the point x¯ := 0 in its effective domain. First-
order derivative and coderivative of F (in any sense) at the point (x¯, y¯) := (0,0) in its graph is degenerate. Therefore,
by employing first-order derivatives and coderivatives one cannot make any assertion about local surjectivity and local
openness of the restriction of F on a neighborhood of x¯. If fact, the given map is both locally surjective and locally
open around x¯. To reveal the property, one may use the higher-order variations in the sense of Frankowska [3], the
higher-order coderivatives in the sense of Mordukhovich [11], and other higher-order approximation constructions.
For single-valued mappings, one may use higher-order Fréchet derivatives [2].
It is well known (see for instance [11,12]) that the covering property at a linear rate, the metric regularity property,
and the Lipschitz-like continuity are vital properties of multifunctions. For instance, many theorems in variational
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(see [11] and references therein). Penot [14] discovered that the covering property at a linear rate of a multifunction, the
metric regularity property, and the Lipschitz-like continuity of the inverse mapping are equivalent. Detailed proofs of
this result can be found also in [11]. (As shown by an example in [8], the equivalence between the metric regularity and
the Lipschitz-like continuity is not valid in the case of implicit multifunctions.) Mordukhovich [10], Mordukhovich
and Shao [13] showed that the above mentioned properties can be characterized via first-order coderivatives. In a
unified form, known results on this topic are presented in [11].
By using first-order and higher-order variations, Frankowska [5–7] (see also [4]) obtained several inverse mapping
theorems and showed that the results can lead to interesting applications in second invertibility of C2 vector-valued
functions, second-order stability of an inequality system, reachability of a control system, controllability of differential
inclusions. Borwein and Zhuang [1, Theorems 2.5 and 3.2] proved that the covering property at an order p  1
rate of a multifunction between metric spaces, the metric regularity property of the order q = 1/p, and the Hölder-
like continuity property of order q = 1/p of the inverse mapping are equivalent. Their proofs rely on the Ekeland
variational principle and the notion approximate openness at a positive-order rate. Theorems 2.5 from [1] requires
that the multifunction under investigation has complete graph. It is also proved [1, Theorem 4.4] that, for a closed
multifunction from a complete metric space to a finite dimensional Banach space, the regularity condition involving
higher-order variations used in [3] for obtaining the openness is a necessary and sufficient condition for having the
covering property at an order p  1 rate.
Our aim in this paper is to propose a new systematic study of the covering property at a positive-order rate of
a multifunction between normed spaces, the metric regularity property of positive order, and the Hölder-like conti-
nuity property of the inverse mapping. In Section 2, we show that there are equivalences among these properties.
The obtained results develop some aspects of the corresponding results of Penot [14], Borwein and Zhuang [1],
Frankowska [7], Mordukhovich [10,11], and Minchenko [9]. In particular, p is allowed to be any positive order and
the assumption on the completeness of the graph of the multifunction in question, which is essential for the proofs
in [1], will be omitted. Our modification of the proof schemes in [11] allows to simplify the arguments, to avoid using
the Ekeland variational principle, and to consider semi-local versions of the above-mentioned properties. Besides,
similarly as for the case where p = 1 studied in [11], we are able to derive some formulas describing the relation-
ships among the moduli of the local (and semi-local) covering property at a positive-order rate, the metric regularity
property of positive order, and the Hölder-like continuity property of the inverse mapping. Although the results of
this section can be given in a metric spaces setting, we prefer to use the normed spaces setting for simplicity. In Sec-
tion 3, we propose a new notion called positive-order variational coderivative and we use it to establish necessary
conditions for the covering property at a positive-order rate of multifunctions. As a by-product, we obtain necessary
conditions for the metric regularity of positive order of a given multifunction and also for the Hölder-like continuity
property of its inverse mapping. The question about sufficiency of the obtained necessary conditions remains open.
Section 4 discusses some known necessary and sufficient conditions for the covering property at a positive-order rate
of multifunctions and the Hölder-like continuity of inverse mappings, which are formulated in terms of positive-order
variations, a concept introduced by Frankowska in [3].
2. Covering property at positive-order rates
Let X,Y are normed spaces over the reals. For a multifunction F : X⇒ Y , the sets gphF := {(x, y) ∈ X × Y :
y ∈ F(x)}, domF := {x ∈ X: ∃y ∈ Y, y ∈ F(x)}, and rgeF := {y ∈ Y : ∃x ∈ X, y ∈ F(x)} are called the graph,
the effective domain and the range of F , respectively. The closed unit balls in X and Y are denoted by BX and BY .
The corresponding open unit balls are abbreviated to BX and BY . The distance from x ∈ X to a subset Ω in X is
defined by dist(x;Ω) := inf{‖x − u‖: u ∈ Ω}. Here and in the sequel, inf∅ := +∞. The interior of Ω is denoted by
intΩ . The notion u Ω−→ x means u ∈ Ω and u → x. Let P := (0,+∞) ⊂ R and N = {1,2,3, . . .}. In the spirit of [11,
Definition 1.51], where the covering properties at a linear (first-order) rate were considered, we can define covering
properties at positive-order rates for multifunctions as follows.
Definition 2.1. Let F : X⇒ Y be a multifunction with domF 
= ∅ and let p ∈ P.
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α > 0 such that(
F(x) ∩ V )+ αrpBY ⊂ F(x + rBX) whenever x + rBX ⊂ U as r > 0. (2.1)
(ii) F has the local covering property at an order p rate around (x¯, y¯) ∈ gphF with modulus α > 0 if there are
neighborhoods U of x¯ and V of y¯ such that (2.1) holds. The supremum of all such moduli {α} is denoted by
covp F (x¯, y¯).
(iii) F has the semi-local covering property at an order p rate around x¯ ∈ domF with modulus α > 0 if there exists a
neighborhood U of x¯ such that (2.1) holds as V = Y . The supremum of all such moduli is denoted by covp F (x¯).
Remark 2.2. If F has the local covering property at an order p rate around (x¯, y¯) ∈ gphF with modulus α > 0, then
it has the covering property at an order p′ rate around (x¯, y¯) with the same modulus α > 0 for any p′ ∈ P satisfying
p′ > p. A similar remark holds for the semi-local covering property at an order p rate. Indeed, taking a smaller
neighborhood U of x¯ (if necessary), from x + rBX ⊂ U and r > 0 one can deduce that r ∈ (0,1). Hence αrp > αrp′
for any p′ ∈ P with p′ > p.
Example 2.3. Let X = Y = R, F(x) = {x3}, (x¯, y¯) = (0,0) ∈ gphF . It can be shown that F does not have the local
covering property at an order p rate around (x¯, y¯) for any p < 3. Indeed, suppose that there exist neighborhoods U
of x¯ = 0 and V of y¯ = 0 and a modulus α > 0 such that (2.1) holds. Taking x = 0 and choosing δ > 0 such that x +
rB ⊂ U whenever r ∈ (0, δ]. As F(0) = {0}, (2.1) implies αrpBY ⊂ F(rBX) for all r ∈ (0, δ]. Hence [−αrp,αrp] ⊂
[−r3, r3] for all r ∈ (0, δ]. Obviously, the last property cannot hold for p < 3. Let us show that, for p = 3, F has
the semi-local covering property at an order p rate around x¯ = 0 ∈ domF for some modulus α > 0. To obtain a
contradiction, suppose that for any neighborhood U of x¯ and for any constant α > 0, there exist x ∈ X and r > 0
such that x + rBX ⊂ U and [F(x) + αr3BY ] \ F(x + rBX) 
= ∅. Then, for Uk := (1/k)BX and αk := 1/k (k ∈ N),
there exist xk , rk > 0, vk ∈ BY such that xk + rkBX ⊂ Uk (hence rk  1/k) and x3k + αkr3k vk /∈ F(xk + rkBX) =
[(xk − rk)3, (xk + rk)3]. Consequently, there is a subsequence {kj } ⊂ N such that
x3kj + αkj r3kj vkj < (xkj − rkj )3, ∀kj , (2.2)
or there exists a subsequence {kj } ⊂ N such that x3kj + αkj r3kj vkj > (xkj + rkj )3 for all kj . We will consider only the
first case, because the second one can be treated similarly. From (2.2) it follows that αkj vkj < −3(
xkj
rkj
)2 + 3( xkj
rkj
) − 1
for all kj . Hence αkj vkj < −1/4 for all kj . Since vkj ∈ BY for all kj , αkj → 0+ as kj → ∞, we have arrived at
a contradiction which shows that F has the semi-local covering property at an order 3 rate around x¯ = 0. It is not
difficult to verify that cov3 F(x¯) = 1/4.
Example 2.4. Let X = Y = R, x¯ = 0. Let F1(x) = [0, x3] for x  0 and F1(x) = [−x3,0] for x < 0, F2(x) = {x2} for
x  0 and F2(x) = {−x2} for x < 0, F3(x) = [0, x2] for x  0 and F3(x) = [−x2,0] for x < 0. It is a simple matter
to prove that F1 has the semi-local covering property at an order 3 rate around x¯ with a modulus α > 0, while F2 and
F3 have the semi-local covering property at an order 2 rate around x¯ with some positive moduli.
Necessary conditions for a multifunction to have the properties described by parts (i) and (ii) of Definition 2.1 in
terms of positive-order variational coderivative will be given in the next section. Necessary and sufficient conditions
for a multifunction to have the local covering property at an order p rate around a point in its graph in terms of
positive-order variation will be discussed in Section 4.
We now consider two other properties of multifunctions which are closely related to the one in (2.1): the local
Hölder-like property and the local metric regularity of a positive order of multifunctions. The first-order prototype of
Definition 2.5 (respectively Definition 2.6) below is Definition 1.40 (respectively Definition 1.47) in [11].
Definition 2.5. Let F : X⇒ Y be a multifunction with domF 
= ∅ and let q ∈ P.
(i) F is said to be Hölder-like of order q on U ⊂ X relative to V ⊂ Y if there exists a constant β > 0 such that
F(x) ∩ V ⊂ F(u) + β‖x − u‖qBY , ∀x,u ∈ U. (2.3)
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and V of y¯ such that (2.3) holds. The infimum of all such moduli {β} is denoted by holq F (x¯, y¯).
(iii) F is Hölder continuous of order q around x¯ ∈ domF with modulus β > 0 if there exists a neighborhood U of x¯
such that (2.3) holds as V = Y . The infimum of all such moduli is denoted by holq F (x¯).
Definition 2.6. Let F : X⇒ Y be a multifunction with domF 
= ∅ and let q ∈ P.
(i) F is said to be metrically regular of order q on U ⊂ X relative to V ⊂ Y if there exist constants γ > 0 and μ > 0
such that
dist
(
x;F−1(y)) γ dist(y;F(x))q (2.4)
for all x ∈ U and y ∈ V satisfying the condition dist(y;F(x)) μ.
(ii) F is locally metrically regular of order q around (x¯, y¯) ∈ gphF with modulus γ > 0 if (i) holds for a con-
stant μ > 0 and some neighborhoods U of x¯ and V of y¯. The infimum of all such moduli {γ } is denoted by
regq F (x¯, y¯).
(iii) F is semi-locally metrically regular of order q around x¯ ∈ domF with modulus γ > 0 if (i) holds for a constant
μ > 0, a neighborhood U of x¯ and V = Y . The infimum of all such moduli is denoted by regq F (x¯).
(iv) F is semi-locally metrically regular of order q around y¯ ∈ rgeF with modulus γ > 0 if (i) holds for a constant
μ > 0, a neighborhood V of y¯ and U = X. The infimum of all such moduli is denoted by regq F (y¯).
Remark 2.7. For q = 1, the notion expressed by part (ii) of Definition 2.5 is known as the pseudo-Lipschitz property
in the sense of J.-P. Aubin. It is called also the local Lipschitz-like property or the Aubin property of multifunctions;
see [11, p. 47].
Remark 2.8. For q = 1, the notion expressed by part (ii) of Definition 2.6 is known as the metric regularity of
multifunctions. The property has been studied in variational analysis, set-valued analysis and optimization theory for
long time. It is rooted in the classical Lyusternik–Graves theorem; see [11, p. 159].
Remark 2.9. Properties like the ones in parts (ii) of Definitions 2.5 and 2.6, for the case q  1 were studied by
Borwein and Zhuang [1]. In a finite dimensional setting, the case q ∈ (0,1] has been discussed by Minchenko [9].
Relationships among the notions given by Definitions 2.1, 2.5 and 2.6 for the case p = q = 1 were established
in [11, pp. 47–62]. (See also [1,7,10,14].) The case p,q ∈ P can be treated similarly, provided that some suitable
modifications are made.
Theorem 2.10 (Relationships between the covering property at a positive-order rate and the metric regularity of a
positive order). Let F : X⇒ Y be a multifunction with domF 
= ∅ and let p ∈ P. The following assertions are valid:
(i) F has the local covering property at an order p rate around (x¯, y¯) ∈ gphF if and only if it is locally metrically
regular of order q = 1/p around this point. Besides, it holds regq F (x¯, y¯) = (covp F (x¯, y¯))−1/p .
(ii) F has the semi-local covering property at an order p rate around x¯ ∈ domF if and only if it is semi-locally
metrically regular of order q = 1/p around this point. Besides, it holds regq F (x¯) = (covp F (x¯))−1/p .
Proof. (i) Suppose that F has the local covering property at an order p rate around (x¯, y¯) ∈ gphF . Then there exist
α > 0 and ρ > 0 such that(
F(x) ∩ V )+ αrpBY ⊂ F(x + rBX) (2.5)
whenever x + rBX ⊂ U and r > 0, where U := x¯ + ρBX and V := y¯ + ρBY . Taking μ = min{2−2ρ,2−(p+1)αρp},
U˜ = x¯ + (ρ/2)BX, V˜ = y¯ + (ρ/2)BY , we will show that the inequality
dist
(
x;F−1(y)) α−1/p dist(y;F(x))1/p (2.6)
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observe that dist(y;F(x)) μ < min{2−1ρ,2−pαρp}. Fix any t satisfying
dist
(
y;F(x))< t < min{2−1ρ,2−pαρp}. (2.7)
For r := α−1/pt1/p we have r < ρ/2 and
x + rBX ⊂ x + (ρ/2)BX ⊂ x¯ + ρBX = U. (2.8)
Since dist(y;F(x)) < t = αrp , there exists v ∈ F(x) such that ‖y − v‖ < t = αrp . By (2.7) we have ‖v − y¯‖ 
‖v − y‖ + ‖y − y¯‖ < t + ρ/2 < ρ. Hence y ∈ v + αrpBY ⊂ (F (x) ∩ V ) + αrpBY . Combining this with (2.8), we
deduce from (2.5) that there exists u ∈ x + rBX such that y ∈ F(u). It follows that dist(x;F−1(y)) ‖x − u‖ r =
α−1/pt1/p for any t satisfying (2.7). Letting t → dist(y;F(x)), we obtain (2.6) from the inequality dist(x;F−1(y))
α−1/pt1/p .
Conversely, suppose that F is locally metrically regular of order q around (x¯, y¯) ∈ gphF . Choose ρ > 0, γ > 0
and μ > 0 such that (2.4) is valid for all x ∈ U := x¯ + ρBX and y ∈ V := y¯ + ρBY satisfying dist(y;F(x)) μ. Let
ρ˜ := min{2−1ρ,γμq,2−qγρq}, U˜ := x¯ + ρ˜BX, V˜ := y¯ + ρ˜BY , and let ε > 0 be given arbitrarily. Our aim is to show
that (
F(x) ∩ V˜ )+ (γ + ε)−1/qr1/qBY ⊂ F(x + rBX) (2.9)
whenever r > 0 and x + rBX ⊂ U˜ . Let x ∈ X and r > 0 be such that x + rBX ⊂ U˜ . For any v ∈ (F (x) ∩ V˜ ) +
(γ + ε)−1/qr1/qBY , we can find some y ∈ F(x) ∩ V˜ satisfying ‖v − y‖ < γ−1/qr1/q . Since x + rBX ⊂ x¯ + ρ˜BX ,
we have r < ρ˜  ρ/2 and x ∈ x¯ + ρBX = U . It is clear that dist(v;F(x)) ‖v − y‖ < γ−1/qr1/q  γ−1/q ρ˜1/q  μ.
Besides,
‖v − y¯‖ ‖v − y‖ + ‖y − y¯‖ < γ−1/q ρ˜1/q + ρ˜
 γ−1/q
(
2−qγρq
)1/q + ρ˜
 (ρ/2) + (ρ/2) = ρ.
Therefore, by (2.4) we have
dist
(
x;F−1(v)) γ dist(v;F(x))q  γ ‖v − y‖q < γ (γ−1/qr1/q)q = r.
Then there is u ∈ F−1(v) such that ‖x − u‖ < r . It is clear that u ∈ x + rBX and
v ∈ F(u) ⊂ F(x + rBX) ⊂ F(x + rBX).
This proves that (2.9) holds for any x and r > 0 satisfying x + rBX ⊂ U˜ . Since ε > 0 can be chosen arbitrarily small,
from (2.9) it follows that F has the local covering property at an order p = 1/q rate around (x¯, y¯), and covp F (x¯, y¯) =
(regq F (x¯, y¯))−1/q .
(ii) This assertion can be proved similarly as the above. 
Remark 2.11. Theorem 2.10 is an extension of Theorem 1.52 in [11] where the case p = q = 1 was considered. It
improves some aspects of Theorem 2.2 in [1] where the authors studied the case p  1 and F is a multifunction with
complete graph between metric spaces. They defined the local properties in Definitions 2.1(ii) and 2.6(ii) in a more
general form. Theorem 2.2 in [1] was proved by using the Ekeland variational principle (see, e.g., [11, Chapter 2])
and an auxiliary concept called the approximate openness of multifunctions.
Similarly as in the case of the local metric regularity of order 1 (see [11, p. 57]), the local metric regularity of a
positive order can be described equivalently in several ways.
Lemma 2.12. Let F : X⇒ Y be a multifunction, (x¯, y¯) ∈ gphF , and let q ∈ P. The following properties are equiva-
lent:
(i) F is locally metrically regular of order q around (x¯, y¯) ∈ gphF with modulus γ .
(ii) There are neighborhoods U of x¯, V of y¯ such that (2.4) holds for all x ∈ U and y ∈ V with F(x) ∩ V 
= ∅.
(iii) There are neighborhoods U of x¯, V of y¯ such that (2.4) holds for all x ∈ U and y ∈ V .
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(i) ⇒ (iii). If (i) is valid, then there exist ρ > 0 and μ > 0 such that (2.4) holds for all x ∈ U and y ∈ V satisfying
dist(y;F(x))  μ, where U := x¯ + ρBX and V := y¯ + ρBY . Let δ := min{ρ,μ,γμ(1 + γρq−1)−1}. We want to
show that (2.4) holds for all x ∈ U˜ := x¯ + δBX and y ∈ V˜ := y¯ + δBY . Given such a pair (x, y), we need only to
prove that (2.4) is valid when dist(y;F(x)) > μ. Since dist(y;F(x¯)) ‖y − y¯‖ δ  μ, it holds dist(x¯;F−1(y))
γ dist(y;F(x¯))q . Therefore, we have
dist
(
x;F−1(y)) ‖x − x¯‖ + dist(x¯;F−1(y)) ‖x − x¯‖ + γ dist(y;F(x¯))q
 ‖x − x¯‖ + γ ‖y − y¯‖q
 δ
(
1 + γ δq−1)
 δ
(
1 + γρq−1)
 γμ < γ dist
(
y;F(x)),
which establishes (iii).
(ii) ⇒ (i). If (ii) is valid, then there is ρ > 0 such that (2.4) holds for all x ∈ U and y ∈ V with F(x) ∩ V 
= ∅,
where U := x¯ + ρBX and V := y¯ + ρBY . Put μ := ρ/3. For any x ∈ U and y ∈ V˜ := y¯ + (ρ/3)BY satisfying
dist(y;F(x)) μ, we can find v ∈ F(x) such that ‖y − v‖ dist(y;F(x)) + (ρ/3). Since
‖v − y¯‖ ‖v − y‖ + ‖y − y¯‖ < dist(y;F(x))+ (ρ/3) + (ρ/3) ρ,
it follows that v ∈ y¯ + ρBY . Then we have F(x) ∩ V 
= ∅, which implies that (2.4) holds for the given x, y. 
Theorem 2.13 (Relationships between the metric regularity of a positive order and the Hölder-like property). Let
F : X⇒ Y be a multifunction with domF 
= ∅ and let q ∈ P. The following assertions are valid:
(i) F is locally metrically regular of order q around (x¯, y¯) ∈ gphF if and only if F−1 : Y ⇒ X is Hölder-like of
order q around (y¯, x¯) ∈ gphF−1. Besides, it holds holq F−1(y¯, x¯) = regq F (x¯, y¯).
(ii) F is semi-locally metrically regular of order q around y¯ ∈ rgeF if and only if F−1 is Hölder continuous of
order q around y¯ ∈ domF−1. Besides, it holds holq F−1(y¯) = regq F (y¯).
Proof. (i) If F is locally metrically regular of order q around (x¯, y¯) ∈ gphF with modulus γ , then by Lemma 2.12
there exist ρ > 0 and a neighborhood U of x¯ such that (2.4) holds for all x ∈ U and y ∈ V := y¯ + ρBY . Given any
ε > 0, we will show that
F−1(y) ∩ U ⊂ F−1(v) + (γ + ε)‖y − v‖qBX, ∀y, v ∈ V. (2.10)
Let y, v ∈ V be given arbitrarily. Since the inclusion in (2.10) is obvious if y = v, we can assume that y 
= v. For any
x ∈ F−1(y) ∩ U , we have y ∈ F(x). By (2.4),
dist
(
x;F−1(v)) γ dist(v;F(x))q  γ ‖v − y‖q < (γ + ε)‖v − y‖q .
Then there exists u ∈ F−1(v) such that x ∈ u + (γ + ε)‖y − v‖qBX . We have thus obtained (2.10), which shows
that F−1 is Hölder-like of order q around (y¯, x¯). Since ε > 0 can be chosen arbitrarily, from (2.10) it follows that
holq F−1(y¯, x¯) regq F (x¯, y¯).
We now suppose that F−1 is Hölder-like of order q around (y¯, x¯) ∈ gphF−1. Let β > 0 be such that there are
neighborhoods V of y¯ and U of x¯ such that
F−1(y) ∩ U ⊂ F−1(v) + β‖y − v‖qBX, ∀y, v ∈ V. (2.11)
Then it holds
dist
(
x;F−1(y)) β dist(y;F(x))q, ∀x ∈ U, ∀y ∈ V. (2.12)
Indeed, given any x ∈ U , y ∈ V , and y˜ ∈ F(x), we have x ∈ F−1(y˜) ∩ U . From (2.11) it follows that
x ∈ F−1(y) + β‖y˜ − y‖qBX.
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what has already been said, it is clear that F is locally metrically regular of order q around (x¯, y¯) and regq F (x¯, y¯)
holq F−1(y¯, x¯). Since we have proved that holq F−1(y¯, x¯) regq F (x¯, y¯), the equality holq F−1(y¯, x¯) = regq F (x¯, y¯)
follows.
(ii) If F is semi-locally metrically regular of order q around y¯ ∈ rgeF with modulus γ , then there exist ρ > 0 such
that (2.4) holds for all x ∈ X and y ∈ V := y¯ + ρBY satisfying dist(y;F(x)) 2ρ. For any ε > 0, we have
F−1(y) ⊂ F−1(v) + (γ + ε)‖y − v‖qBX, ∀y, v ∈ V. (2.13)
Indeed, let y, v ∈ V . The inclusion in (2.13) is obvious if y = v. Consider the case where y 
= v. For any x ∈ F−1(y),
it holds dist(v;F(x)) ‖v − y‖ ‖v − y¯‖ + ‖y¯ − y‖ 2ρ. Hence by (2.4) we have
dist
(
x;F−1(v)) γ dist(v;F(x))q  γ ‖v − y‖q < (γ + ε)‖v − y‖q .
Then x ∈ u + (γ + ε)‖y − v‖qBX for some u ∈ F−1(v). The validity of (2.13), which shows that F−1 is Hölder
continuous of order q around y¯ with modulus γ + ε, has been established. Since ε > 0 can be as small as needed, we
infer that holq F−1(y¯) regq F (y¯).
Now, let F−1 be Hölder continuous of order q around y¯ ∈ domF−1 = rgeF . Let β > 0 be such that there is a
neighborhood V of y¯ such that
F−1(y) ⊂ F−1(v) + β‖y − v‖qBX, ∀y, v ∈ V. (2.14)
We claim that
dist
(
x;F−1(y)) β dist(y;F(x))q, ∀x ∈ X, ∀y ∈ V. (2.15)
Indeed, given any x ∈ X, y ∈ V , and y˜ ∈ F(x), we have x ∈ F−1(y˜). By (2.14), x ∈ F−1(y) + β‖y˜ − y‖qBX.
Therefore,
dist
(
x;F−1(y)) β‖y − y˜‖q, ∀y˜ ∈ F(x).
Thus (2.15) holds and we see that F is semi-locally metrically regular of order q around y¯ ∈ rgeF . Moreover,
regq F (y¯)  holq F−1(y¯). Combining this with the inequality holq F−1(y¯)  regq F (y¯), we get holq F−1(y¯) =
regq F (y¯). 
Remark 2.14. Theorem 2.13 extends Theorem 1.49 in [11] where the case p = q = 1 was investigated. It also develops
some results in [1, Theorems 2.5 and 3.2].
The next statement follows directly from the first assertions of Theorems 2.10 and 2.13.
Theorem 2.15 (Relationships between the covering property at a positive-order rate and the Hölder-like property). Let
F : X⇒ Y be a multifunction with domF 
= ∅ and let p ∈ P. Then F has the local covering property at an order p
rate around (x¯, y¯) ∈ gphF if and only if F−1 : Y ⇒ X is Hölder-like of order q = 1/p around (y¯, x¯) ∈ gphF−1.
Besides, it holds holq F−1(y¯, x¯) = (covp F (x¯, y¯))−1/p .
Example 2.16. Let X,Y,F and (x¯, y¯) be as in Example 2.3. From the results described in that example and from
Theorem 2.10 it follows that F is semi-locally metrically regular of order q = 1/3 around x¯ and reg1/3 F(x¯) =
(cov3 F(x¯))−1/3 = 41/3. Since F has the local covering property at an order p = 3 rate around (x¯, y¯) ∈ gphF ,
Theorem 2.15 shows that the map F−1(y) = {y1/3} is Hölder-like of order q = 1/3 around (y¯, x¯) ∈ gphF−1 and
hol1/3 F−1(y¯, x¯) = (cov3 F(x¯, y¯))−1/3 = 41/3.
3. Positive-order variational coderivatives
In order to characterize the local covering property at a positive-order rate of multifunctions (see Definition 2.1),
we observe that the variable x and the depending variable y ∈ F(x) have different magnitudes of changes. Roughly
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scales of changes of x and y, we will change the difference v − y in the basic fraction
〈x∗, u − x〉 − 〈y∗, v − y〉
‖u − x‖ + ‖v − y‖
of the definition of ε-coderivative (see [11, pp. 4 and 40]) into v−y‖u−x‖p−1 . Then the fraction becomes
〈x∗, u − x〉 − 〈y∗, v−y‖u−x‖p−1 〉
‖u − x‖ + ‖v−y‖‖u−x‖p−1
= 〈x
∗,‖u − x‖p−1(u − x)〉 − 〈y∗, v − y〉
‖u − x‖p + ‖v − y‖ .
Of course, for p = 1 we recover the situation in [11]. The results in this section will show that the above-mentioned
modification is a reasonable one.
Definition 3.1. Let F : X⇒ Y be a multifunction, p ∈ P and ε  0. The ε-coderivative of order p of F at (x, y) ∈
gphF is the multifunction D̂∗,pε F (x, y) : Y ∗⇒X∗ defined by setting
D̂∗,pε F (x, y)
(
y∗
) := {x∗ ∈ X∗: lim sup
(u,v)
gphF−→(x,y)
〈x∗,‖u − x‖p−1(u − x)〉 − 〈y∗, v − y〉
‖u − x‖p + ‖v − y‖  ε
}
(3.1)
for all y∗ ∈ Y ∗. If ε = 0, then we write D̂∗,pF (x, y) instead of D̂∗,p0 F(x, y) and call it the pth order Fréchet varia-
tional coderivative of F at (x, y).
Theorem 3.2. Let F : X⇒ Y be a multifunction having the local covering property at an order p ∈ P rate around
(x¯, y¯) ∈ gphF with modulus α > 0. Then for any ε  0 there exists a constant ρ > 0 such that
inf
{∥∥x∗∥∥: x∗ ∈ D̂∗,pε F (x, y)(y∗)}+ ε(1 + α) α∥∥y∗∥∥ (3.2)
for all x ∈ x¯ + ρBX , y ∈ F(x) ∩ (y¯ + ρBY ), and y∗ ∈ Y ∗. Besides,
covp F (x¯, y¯) sup
ρ>0
inf
{∥∥x∗∥∥: x∗ ∈ D̂∗,pF (x, y)(y∗), x ∈ x¯ + ρBX, y ∈ F(x) ∩ (y¯ + ρBY ), ∥∥y∗∥∥= 1}.
(3.3)
Proof. Suppose that F has the local covering property at an order p ∈ P rate around (x¯, y¯) ∈ gphF with mod-
ulus α > 0. By Theorem 2.15, F−1 is Hölder-like of order q := 1/p around (y¯, x¯) ∈ gphF−1 with modulus
β := α−1/p = α−q . Hence there exists ρ > 0 such that
F−1(y) ∩ (x¯ + ρBX) ⊂ F−1(v) + β‖y − v‖qBX (3.4)
for all y, v ∈ y¯ + 2ρBY . In order to prove that (3.2) is valid for this ρ, we fix some elements x ∈ x¯ + ρBX , y ∈
F(x) ∩ (y¯ + ρBY ), y∗ ∈ Y ∗. For any x∗ ∈ D̂∗,pε F (x, y)(y∗), we have to show that∥∥x∗∥∥+ ε(1 + α) α∥∥y∗∥∥. (3.5)
Take any λ > 0. The inclusion x∗ ∈ D̂∗,pε F (x, y)(y∗) and formula (3.1) imply that there exists δ > 0 such that δ 
min{ρ,βρq} and〈
x∗,‖u − x‖p−1(u − x)〉− 〈y∗, v − y〉 (ε + λ)(‖u − x‖p + ‖v − y‖) (3.6)
for all (u, v) ∈ gphF with ‖u−x‖ δ, ‖v−y‖ δ. Choose any v ∈ y+δpβ−pBY and note that ‖v−y‖ δpβ−p =
(βρq)pβ−p = ρ. Hence
‖v − y¯‖ ‖v − y‖ + ‖y − y¯‖ ρ + ρ = 2ρ.
Applying (3.4) for the chosen points y, v and for any x ∈ F−1(y) ∩ (x¯ + ρBX), we can find u ∈ F−1(v) such that
‖x − u‖ β‖y − v‖q  β(δpβ−p)q = β(δβ−1)= δ.
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
∥∥x∗∥∥‖u − x‖p + (ε + λ)(δp + δpβ−p)
 δp
∥∥x∗∥∥+ δp(ε + λ)(1 + β−p)
for all v ∈ y + δpβ−pBY . This implies
δpβ−p
∥∥y∗∥∥ δp∥∥x∗∥∥+ δp(ε + λ)(1 + β−p).
Since β−p = (α−1/p)−p = α, it follows that ‖x∗‖+ (ε+λ)(1+α) α‖y∗‖. Letting λ → 0+, from the last inequality
we obtain (3.5). Taking ε = 0, from (3.2) we deduce that
inf
{∥∥x∗∥∥: x∗ ∈ D̂∗,p(x, y)(y∗), x ∈ x¯ + ρBX, y ∈ F(x) ∩ (y¯ + ρBY ), ∥∥y∗∥∥= 1} α,
which establishes (3.3). 
We now give some illustrative examples for Definition 3.1 and Theorem 3.2.
Example 3.3. Let X = Y = R, y¯ = x¯ = 0, F(x) = {x3}, G(x) = {x2} for x  0 and G(x) = {−x2} for x < 0. An
elementary investigation shows that D̂∗,3F(x¯, y¯)(y∗) = {y∗}, D̂∗,2G(x¯, y¯)(y∗) = {y∗} for all y∗ ∈ R, and
D̂∗,3F(x, y)
(
y∗
)= {R if y∗ = 0,∅ if y∗ 
= 0, D̂∗,2G(x,y)
(
y∗
)= {R if y∗ = 0,∅ if y∗ 
= 0,
whenever x 
= 0 and (x, y) belongs to the graph of the corresponding multifunction. Since inf∅ = +∞ by our con-
vention, taking ε = 0 we see that F satisfies condition (3.2) with α = 1, p = 3 and ρ > 0 chosen arbitrarily. Similarly,
for ε = 0, condition (3.2) is satisfied with F := G, α = 1, p = 2, and any ρ > 0. In other words, for ε := 0, F (re-
spectively G) satisfies the necessary condition for the local covering property at an order p = 3 (respectively p = 2)
rate around (x¯, y¯) := (0,0) with modulus α = 1. As cov3 F(x¯, y¯) = 1/4, estimate (3.3) is not a strict one for the
chosen F and (x¯, y¯). But, it is interesting to observe that cov2 G(x¯, y¯) = 1, hence (3.3) is a strict estimate for G and
(x¯, y¯) := (0,0).
From Theorems 2.10 and 3.2 we obtain the following necessary condition for the local metric regularity of positive
order of multifunctions.
Theorem 3.4. Let F : X⇒ Y be a multifunction with domF 
= ∅. If F is locally metrically regular of order q ∈ P
around (x¯, y¯) ∈ gphF with modulus γ > 0, then for any ε  0 there exists a constant ρ > 0 such that
inf
{∥∥x∗∥∥: x∗ ∈ D̂∗,pε F (x, y)(y∗)}+ ε(1 + γ−1/q) γ−1/q∥∥y∗∥∥
for all x ∈ x¯ + ρBX , y ∈ F(x) ∩ (y¯ + ρBY ), and y∗ ∈ Y ∗, where p = 1/q . Besides,
regq F (x¯, y¯)
(
sup
ρ>0
inf
{∥∥x∗∥∥: x∗ ∈ D̂∗,pε F (x, y)(y∗), x ∈ x¯ + ρBX,
y ∈ F(x) ∩ (y¯ + ρBY ),
∥∥y∗∥∥= 1})−1/p.
Similarly, from Theorems 2.15 and 3.2 we obtain the following necessary condition for the Hölder-like property of
positive order of multifunctions.
Theorem 3.5. Let F : X⇒ Y be a multifunction with domF 
= ∅. If F is Hölder-like of order q ∈ P around (x¯, y¯) ∈
gphF with modulus β > 0, then for any ε  0 there exists a constant ρ > 0 such that
inf
{∥∥y∗∥∥: y∗ ∈ D̂∗,pε F−1(y, x)(x∗)}+ ε(1 + β−1/q) β−1/q∥∥x∗∥∥
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holq F (x¯, y¯)
(
sup
ρ>0
inf
{∥∥y∗∥∥: x∗ ∈ D̂∗,pε F−1(y, x)(x∗), y ∈ y¯ + ρBY ,
x ∈ F−1(y) ∩ (x¯ + ρBX),
∥∥x∗∥∥= 1})−1/p.
It is worthy to consider one example showing that variational coderivative of an order p ∈ (0,1) is useful for
studying local behavior of a multifunction.
Example 3.6. Let X = Y = R, y¯ = x¯ = 0, F(x) = {x1/3}. It is easy to show that D̂∗,1/3F(x¯, y¯)(y∗) = {y∗} for all
y∗ ∈ Y ∗ = R. Thus D∗,1/3F(x¯, y¯) is a regular coderivative mapping.
4. Positive-order variations of multifunctions
The following concept was suggested by Frankowska [3].
Definition 4.1. Let F : X⇒ Y be a multifunction between normed spaces and let p ∈ P. The set of variations of
order p of F at (x, y) ∈ gphF is defined by
V pF(x, y) := lim inf
(u,v)
gphF−→(x,y), t→0+
F(u + tBX) − v
tp
,
where lim inf denotes the lower Painlevé–Kuratowski limit of sets; that is w ∈ V pF(x, y) if and only if
lim
(u,v)
gphF−→(x,y), t→0+
dist
(
w; F(u + tBX) − v
tp
)
= 0.
From the definition it follows that V pF(x, y) is a closed subset of Y and 0 ∈ V pF(x, y).
Remark 4.2. In [3,5,7], the set V pF(x, y) was denoted by Fp(x, y).
Remark 4.3. If F has the local covering property at an order p rate around (x¯, y¯) ∈ gphF , then (2.1) holds for some
α > 0 and for some neighborhoods U of x¯, V of y¯. It follows that
αBY ⊂ F(u + tBX) − v
tp
whenever t > 0, x + tBX ⊂ U , v ∈ F(x) ∩ V . This implies αBY ⊂ V pF(x¯, y¯), hence
0 ∈ intV pF(x¯, y¯). (4.1)
We have seen that (4.1) is a necessary condition for F to have the local covering property at an order p rate
around (x¯, y¯). This observation is due to Borwein and Zhuang [1, proof of Theorem 4.4].
Example 4.4. (See [3, p. 178] and [1, p. 455].) Let X = Y = R, F(x) = {x3}. We have V pF(0,0) = {0} for all
p ∈ (0,3), V 3F(0,0) = [− 14 , 14 ], and V pF(0,0) = R for all p > 3.
Example 4.5. (See [1, p. 455].) Let X = Y = R, F(x) = {x2}. It can be verified that V pF(0,0) = {0} for all p ∈ (0,2),
V 2F(0,0) = [0,1], and V pF(0,0) = [0,+∞) for all p > 0.
It turns out that, under some mild conditions, a multifunction has the local covering property around a point in its
graph whenever the higher-order regularity condition (4.1) is satisfied.
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closed graph from a Banach space X to a finite dimensional Banach space Y . Assume that (4.1) holds for some
(x¯, y¯) ∈ gphF and p  1. Then there exist neighborhoods U of x¯, V of y¯, and a constant α > 0 satisfying (2.1).
For an analog of the result recalled in Theorem 4.6 when Y is an infinite dimensional Banach space, the reader is
referred to [7, Theorems 7.2 and 2.1].
Remark 4.7. If (4.1) holds for some (x¯, y¯) ∈ gphF and p¯ < 1, then for any p′  1 one can find α > 0 and neighbor-
hoods U of x¯, V of y¯ such that(
F(x) ∩ V )+ αrp′BY ⊂ F(x + rBX) whenever x + rBX ⊂ U as r > 0.
This assertion follows from Theorem 4.6 and the inclusion R+V pF(x, y) ⊂ V p′F(x, y) which holds for any p,p′ ∈ P
with p < p′ (see [7, Theorem 5.2]).
Combining Theorem 4.6 with Theorems 2.10 and 2.15 we have some sufficient conditions for the local metric
property of positive order and the Hölder-like property of the inverse mapping.
It seems to us that sometimes variation of an order p ∈ (0,1) cannot reflect well the local behavior of a multifunc-
tion.
Example 4.8. Let X = Y , x¯, y¯ and F be the same as in Example 3.6. Since V 1/3F(x¯, y¯) = {0}, the regularity condi-
tion (4.1) does not hold for p¯ := 1/3. Meanwhile, F has the local covering property of order p¯ around (x¯, y¯).
Let us conclude this section with an example which shows that if Y is an infinite dimensional Banach space, then
condition (4.1) may be insufficient for having the local covering property of F around (x¯, y¯). Thus there is a rigorous
motivation for considering some additional compactness assumption like condition (30) in [7], or the PSNC condition
in [11]. (Note that, for p := 1 and ε := 0, condition (3.2) is satisfied at (x¯, y¯) := (0,0) for the multifunction F in
the next example. But F does not have the local covering property around (x¯, y¯). This means that (3.2) cannot be a
sufficient condition for the desired property, unless some additional compactness assumptions were imposed.)
Example 4.9. (Cf. [11, Example 4.19].) Let X be a separable Banach space; say X = 
2. Let {ek}∞k=1 be a system of
unit linearly independent vectors that densely span X. Let Ω1 be the closed convex hull of the set{−2−kek: k ∈N}∪ {2−kek: k ∈ N},
and Ω2 = {ta: t ∈ R}, where a :=∑∞k=1 k−2ek ∈ X. Setting F(x) = x +Ω1 for x ∈ Ω2 and F(x) = ∅ for x /∈ Ω2, we
see that F : X⇒X is a convex multifunction with closed graph and (0,0) ∈ gphF . It holds V 1F(0,0) = X. Indeed,
for any (u, v) ∈ gphF , the elements tu ∈ R and zv ∈ Ω1 satisfying u = tua, v = tua + zv , are well defined. Observe
that (u, v)
gphF−→ (0,0) if and only if tu → 0 and zv Ω1−→ 0. By the construction of Ω1 we find that
V 1F(0,0) = lim inf
(u,v)
gphF−→(0,0), t→0+
F(u + tBX) − v
t
= lim inf
(u,v)
gphF−→(0,0), t→0+
[tua − t a‖a‖ , tua − t a‖a‖ ] + Ω1 − (tua + zv)
t
=
[
− a‖a‖ ,
a
‖a‖
]
+ lim inf
(tu,zv)
R×X−→(0,0), t→0+
Ω1 − zv
t
= X.
This shows that (4.1) is valid for p := 1. Meanwhile, for b :=∑∞k=1 k−3ek and for any λ > 0, if λb ∈ rgeF , then we
have
λb − ta =
∞∑(
λk−3 − tk−2)ek ∈ Ω1 (4.2)
k=1
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for sufficiently large indexes k, we see that (4.2) cannot hold. Thus λb /∈ rgeF for all λ > 0, hence 0 /∈ int(rgeF).
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